The quantum oscillator and Kepler-Coulomb problems in d-dimensional spaces with constant curvature are analyzed from several viewpoints. In a deformed supersymmetric framework, the corresponding nonlinear potentials are shown to exhibit a deformed shape invariance property. By using the point canonical transformation method, the two deformed Schrödinger equations are mapped onto conventional ones corresponding to some shape-invariant potentials, whose rational extensions are well known. The inverse point canonical transformations then provide some rational extensions of the oscillator and Kepler-Coulomb potentials in curved space. The oscillator on the sphere and the Kepler-Coulomb potential in a hyperbolic space are studied in detail and their extensions are proved to be consistent with already known ones in Euclidean space. The partnership between nonextended and extended potentials is interpreted in a deformed supersymmetric framework. Those extended potentials that are isospectral to some nonextended ones are shown to display deformed shape invariance, which in the Kepler-Coulomb case is enlarged by also translating the degree of the polynomial arising in the rational part denominator.
I INTRODUCTION
During the last few years, a lot of research activity has been devoted to the construction of new exactly solvable rational extensions of well-known quantum potentials, connected with the novel field of exceptional orthogonal polynomials (EOP) (see, e.g., [1] for a list of references). The latter are orthogonal and complete polynomial sets, which, in contrast with classical ones, admit some gaps in the sequence of their degrees. The interest in this subject started with the introduction of the EOP concept [2] , the discovery of their connection with translationally shape-invariant potentials [3, 4, 5] , and the construction of infinite sets of such potentials [6] . Since then, a lot of progress has been made, including the appearance of multi-indexed families of EOP [7, 8] and the discovery of a novel enlarged shape invariance property valid for some rational extensions of shape-invariant conventional potentials [9, 10, 11] .
Another subject that has recently arisen much interest is that of oscillator and KeplerCoulomb problems in curved spaces (see, e.g., [12] for a list of references). Although mostly used in Euclidean spaces, such systems also have a long history in curved spaces, especially in those with a constant curvature, which we are going to consider here. The study of the Kepler-Coulomb problem on the sphere actually dates back to Schrödinger [13] , Infeld [14] , and Stevenson [15] , while that of the same in a hyperbolic space was carried out a few years later by Infeld and Schild [16] . On the other hand, the oscillator on the sphere or in a hyperbolic space may be seen as a generalization [17] of the well-known Mathews and Lakshmanan one-dimensional classical nonlinear oscillator [18] . Its quantum description has been studied in one [19, 20] , two [21, 22] , and three [23] dimensions (see also [24, 25, 26, 27, 28] for some related works).
The aim of the present paper is to construct rational extensions of the oscillator and
Kepler-Coulomb problems in d-dimensional spaces of constant curvature, connected with one-indexed families of orthogonal polynomials, and to study their limit when the curvature goes to zero. For such a purpose, it is worth recalling that problems in curved spaces can be alternatively seen as problems arising from a deformation of the canonical commutation relations or from the presence of a position-dependent (effective) mass (PDM) in the Schrödinger equation [29, 30] . In view of the utmost relevance of the PDM concept in a wide variety of physical situations, such as in energy density many-body problems, in electronic properties of semi-conductors and quantum dots, in quantum liquids, 3 He clusters, and metal clusters, such a relationship enhances the physical interest of the extensions to be derived here. From a mathematical viewpoint, it is also the simplest approach for constructing these extensions by using a link [31] between deformed shape invariance (DSI) and point canonical transformations (PCT) [32] and the fact that the constant-mass problems resulting from the use of the latter have well-known rational extensions.
This paper is organized as follows. In Section 2, the oscillator and Kepler-Coulomb systems in d-dimensional spaces with a constant curvature are presented, as well as their bound-state energies and wavefunctions, together with the equivalent deformed and PDM problems. In Section 3, the concept of deformed supersymmetry (DSUSY) is reviewed and the DSI of the two systems is proved. In Section 4, the PCT method is applied and each system is shown to lead to two different systems in Euclidean space according to the sign of the curvature. In Section 5, the inverse PCT is used to construct some rational extensions of the systems in curved space from known ones of the corresponding systems in Euclidean space. Finally, Section 6 contains the conclusion.
II OSCILLATOR AND KEPLER-COULOMB PROBLEMS IN CONSTANT-CURVATURE SPACES
Let us start from d-dimensional classical nonlinear systems described by Hamiltonians of the type [17] 
where units are chosen so that 2m = 1, all summations run over i, j = 1, 2, . . . , d, J ij ≡ x i p j − x j p i denotes an angular momentum component, and r 2 ≡ i x 2 i with r running on (0, +∞) or (0, 1/ |λ|) according to whether λ > 0 or λ < 0. For the potential V(r), we are going to consider either a nonlinear harmonic oscillator (NLHO),
or a nonlinear Kepler-Coulomb (NLKC) potential,
3)
The resulting Hamiltonian may be interpreted as describing an oscillator or a KeplerCoulomb problem in a space of constant curvature κ = −λ [12, 17] .
The quantization of (2.1) has been studied in two [21, 22] and three [23] dimensions, but it can be easily extended to d dimensions. On replacing √ 1 + λr 2 p i and J ij by the
, respectively, we arrive at
ij and∆ denotes the Laplacian in a d-dimensional Euclidean space (note that here is taken equal to one).
The corresponding Schrödinger equation is separable in hyperspherical coordinates and gives rise to the radial equation Schrödinger equation (2.5) can be written in an alternative form as
where
and V (r) is either
. Equation (2.6) can be interpreted as a deformed Schrödinger equation
written in terms of a deformed momentum, whose components areπ i = f (r)p i f (r), or as a PDM Schrödinger equation
with m(r) ≡ 1/f 2 (r) [29] . Here the ordering of the PDM m(r) and the differential operator d/dr is that of Mustafa and Mazharimousavi [33] . Note that other orderings are possible [34] and that their usefulness may depend on the physical problem in hand.
The bound-state solutions of Eq. (2.5) or (2.6) can be easily found by conventional methods. Instead of expressing them in terms of the hypergeometric function, as was done in some previous studies in low-dimensional spaces [15, 16, 22, 23] , we prefer to follow an approach used in some more recent works [25, 28] and to identify the precise nature of the orthogonal polynomials that are involved.
For the NLHO, the bound-state wavefunctions can be written as 11) in terms of Jacobi polynomials [35] , with corresponding energy eigenvalues
The range of n r values in (2.11 and (2.12) is determined from the normalizability of the radial wavefunctions R nr (r; l, β) with respect to the measure r d−1 f −1 dr or of the functions ψ nr (r; l, β) with respect to the measure dr, the interval of integration being 0, 1/ |λ| for λ < 0 or (0, +∞) for λ > 0. The results read
For the NLKC, the bound-state energy eigenvalues are given by 14) while the corresponding wavefunctions are either
for λ > 0. In Eq. (2.15), instead of Jacobi polynomials with complex indices and complex argument, we have also used the less known Romanovski polynomials with real indices and real argument [36, 37] . The range of n r values, determined from wavefunction normalizability, is now
III DEFORMED SUPERSYMMETRY AND DE-FORMED SHAPE INVARIANCE
Deformed Schrödinger equations of type (2.6) can be discussed in terms of DSUSY [30] . In the simplest one-step version, one considers a pair of first-order differential operatorŝ
where the superpotential depends on some set of parameters µ, such that the starting Hamiltonian (depending on µ) can be factorized aŝ
Here ǫ 0 denotes the energy eigenvalue of the chosen seed function ϕ 0 (r; µ) of the corresponding Schrödinger equation, which is a function annihilated byÂ − (µ). In terms of such a seed function, the superpotential can be written as
where a prime denotes a derivative with respect to r.
The partner ofĤ 0 readsĤ
and the pair of Hamiltonians intertwine withÂ
The corresponding potentials V 0 (r; µ) and V 1 (r; µ) can be written in terms of the superpotential as
Let us consider the case where the starting HamiltonianĤ 0 is that involved in Eq. (2.6) and the seed function ϕ 0 (r; µ) is the corresponding ground-state wavefunction. For the NLHO, i.e., for µ = (l, β), V 0 (r; µ) = V (r; l, β), and ϕ 0 (r; µ) = ψ 0 (r; l, β) (see Eqs. (2.8) and (2.11)), we obtain
while for the NLKC, i.e., for µ = (l, Q), V 0 (r; µ) = V (r; l, Q), and ϕ 0 (r; µ) = ψ 0 (r; l, Q) (see Eqs. (2.9), (2.15), and (2.16)), we get
Furthermore, the partner potential, obtained from (3.6) as V 1 (r; µ) = V 0 (r; µ) + 2f (r)W ′ (r; µ), is given by
respectively. This shows that the NLHO and the NLKC exhibit a DSI property: up to some additive constant, their partner in DSUSY is similar in shape and differs only in the parameters that appear in them.
Such a property enables us to construct a hierarchy of Hamiltonianŝ
associated with a set of potentials V i (r; µ i ), i = 0, 1, 2, . . . , with µ 0 = µ and such that
In other words, the first-order operatorŝ 14) or, equivalently,
Furthermore, the Hamiltonians (3.11) satisfy intertwining relationŝ
In the NLHO and NLKC cases, we find
and
respectively.
As in standard SI [38, 39] , the energy eigenvalues can be found from the ǫ i 's as
This can be directly checked by using Eqs. (3.7), (3.8), (3.17) , and (3.18), and comparing the results with (2.12) and (2.14). In addition, on applying a product of operatorŝ
) on a partner ground-state wavefunction ψ 0 (r; µ nr ), one can in principle build the whole set of excited bound-state wavefunctions ψ nr (r; µ 0 ) of the initial
Hamiltonian. In practice, however, this method is difficult to work out except for the lowest n r values, because the polynomials appearing in the wavefunctions satisfy some complicated differential-difference equations.
A simpler method to get both the spectrum and the wavefunctions without resorting to the direct resolution of the Schrödinger equation is to consider the PCT method, as we will proceed to show in Section 4.
IV POINT CANONICAL TRANSFORMATIONS LEADING TO CONSTANT-MASS PROBLEMS
A deformed (or PDM) Schrödinger equation
can be mapped onto a constant-mass Schrödinger one
by some changes of variable and of function [31, 32] 
while the two potentials and their corresponding energy eigenvalues are related by
Here ξ, η, and ζ denote three arbitrary real constants.
For the choice of f (r) made in (2.7), we obtain
The potentials U(u; A, B) obtained by the PCT given above are listed in Table 1 
Their bound-state energy eigenvalues and wavefunctions are listed in Tables 2 and 3, respectively. On using the PCT given in Eqs. (4.3)-(4.6), it is straightforward to check that they directly lead to the results given in Eqs. (2.11)-(2.17). PT I (A + B + 2n r ) 2 , n r = 0, 1, 2, . . . 
V RATIONAL EXTENSIONS OF THE OSCILLA-TOR AND KEPLER-COULOMB PROBLEMS IN CURVED SPACES
Rational extensions of the PT I [3, 5, 6] , PT II [4, 6, 11] , RM I [43] , and E [10, 11] potentials have been obtained in the literature as partners of conventional potentials in one-step SUSY. By applying the inverse of the PCT, presented in Section 4, we can build from them rational extensions of the NLHO and NLKC for both λ signs. For illustration's sake, we are going to consider here in detail two of the four possible cases.
Rational extensions of the PT I potential
The rational extensions of the PT I potential belong to three different types I, II, or III, according to the kind of seed function that is used to construct the partner. Such seed functions and their corresponding energies can be written as (see, e.g., [5, 44] )
where the φ m 's are the functions given in Table 3 .
To obtain for the partner some rationally-extended PT I potential with given A and B parameters, we have to start from a conventional potential with different parameters A ′ , B ′ , which depend on the type considered. The results read
a dot denotes a derivative with respect to z, and we have for the three different types 
and a dot still denotes a derivative with respect to z. Here, for the three different types, we get
Note that the presence of the additive constant γ in (5.9) is due to the dependence of ζ on β (see Table 1 ) and the fact that the latter assumes different values for the two partners. For type I or II, the spectra of V 0 (r) and V 1 (r) are given by E nr (l ′ , β ′ ), n r = 0, 1, 2, . . . , (see Eq. (2.12)). From this, it results that V ext (r; l, β) has exactly the same spectrum as V (r; l, β), i.e., 14) where the polynomials Q (m) nr (z; l, β) can be written as 
nr , n r = 0, 1, 2, . . . , (5.17)
for types I, II, and III, respectively. They constitute orthogonal and complete families of polynomials (i.e., EOP) on (−1, +1) with respect to the measure (1 − z)
In Appendix A, it is shown that for λ → 0 − , the extended NLHO problem reduces to the well-known extended oscillator one in Euclidean space.
Deformed supersymmetry properties
By the inverse of the PCT defined in Section 4, the conventional SUSY relation between the partners U 0 (u) and U 1 (u) of Eq. (5.2) is converted into a DSUSY relation between the partners V 0 (r) and V 1 (r) of Eq. (5.9). The superpotential characterizing the latter is given by
which yields
for type I,
for type II, ext (r; l, β) + γ in such a construction has a similar property too. As we plan to show, the answer is affirmative in the two isospectral cases I and II.
Let us indeed consider now a superpotential
for type I or II, respectively. On using the definition of p 
Here the two partners read
rat (u; A, B),
and a dot denotes a derivative with respect to z. For the three different types, we get
As before, for type I or II, the two partners are isospectral, whereas for type III, there appears an extra bound state below the spectrum of U 0 (u). For the bound-state spectrum of U 1 (u), we therefore get 35) and the sets of partner potentials
The spectrum of V
ext (r; l, Q) is obtained in the form 39) for types I, II, and III, respectively.
The bound-state wavefunctions can be written as
for type I, or nr (z; l, Q) in (5.40) and (5.41), these polynomials satisfy rather complicated orthogonality relations, so that, strictly speaking, they do not qualify as EOP.
In Appendix B, it is shown that for λ → 0 + , the extended NLKC problem reduces to the well-known extended Kepler-Coulomb one in Euclidean space.
As it occurs in the NLHO case, the relation between V 0 (r) and V 1 (r) of Eq. (5.36) can be discussed in a DSUSY framework with a superpotential of the type .
for types I and II, respectively. In these diagrams, the upper (resp. lower) horizontal arrows correspond to DSI (resp. EDSI) transformations.
It also worth mentioning that type II extended Kepler-Coulomb potentials in Euclidean space, obtained in the λ → 0 + limit (see Appendix B), inherit the enlarged shape invariance property of the corresponding extended NLKC ones. In other words, the partner of
(r; l + 1, Q). As far as the author knows, this property has not been observed so far.
VI CONCLUSION
In the present paper, we have studied the quantum oscillator and Kepler-Coulomb problems in d-dimensional spaces with constant curvature κ from several viewpoints.
It has proved convenient to consider them as described by deformed Schrödinger equations with a deforming function f (r) = √ 1 + λr 2 , where λ = −κ. In a DSUSY approach, The partnership between nonextended and extended NLHO and NLKC potentials has been interpreted in a DSUSY framework. In the isospectral cases, the extended NLHO potentials have been shown to exhibit a DSI property, similar to that characterizing the nonextended potential, while for the extended NLKC potentials, such a DSI property has to be enlarged by admitting a change in the degree m of the polynomial arising in the denominator. This is the first known case where the shape invariance is both deformed and enlarged.
Considering multi-indexed rational extensions and corresponding orthogonal polynomials would be a very interesting topic for future investigation. Another open question for future work would be the possibility of transferring to the NLHO the more general one-step rational extensions of the PT I potential based on the use of para-Jacobi polynomials [44] .
APPENDIX A: LIMIT OF THE NLHO PROBLEM AND OF ITS RATIONAL EXTENSIONS
The purpose of this Appendix is to study the limit of the NLHO problem and of its rational extensions when the curvature goes to zero.
For λ → 0 (and therefore f (r) → 1), it is clear that the quantum NLHO problem, defined in Eqs. (2.6) and (2.8), reduces to the conventional harmonic oscillator problem in a d-dimensional Euclidean space. It is also obvious that the corresponding boundstate spectrum, given in (2.12) and (2.13), is consistent with well-known results in such a space with n r running now over 0, 1, 2, . . . . The situation looks more complicated when wavefunctions and extended potentials are considered.
The case of the NLHO wavefunctions (2.11) is easily dealt with by using the limit relation [35] 
connecting Jacobi with Laguerre polynomials. This yields the usual result
To compare the extended potentials, defined in Eqs. 
for type II nr (z; l, β) −m−1 (z; l, β) = 1 in the type III case. This is again consistent with results in [45, 46] .
APPENDIX B: LIMIT OF THE NLKC PROBLEM AND OF ITS RATIONAL EXTENSIONS
The purpose of this Appendix is to study the limit of the NLKC problem and of its rational extensions when the curvature goes to zero.
The limit relation (A.1) is not directly applicable to the NLKC wavefunctions (2.16).
To be able to use it, we have first to transform the Jacobi polynomials in (2.16) 
